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Dynamic Effects of a Radar Panel Mounted
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Presented here is an approach to find an equivalent continuum model of a radar truss structure with a radar panel
mounted to the side. Kinetic and potential energy expressions of repeated truss elements are expanded in terms of the
displacement components at its center. Two methods are proposed to account for the kinetic energy of the panel. The
first considers the panel as a discrete set of point masses and the second method assumes a solid panel of constant
density. Hamilton’s principle is used to find the equations of motion for six coordinates of vibration for this structure
and the original truss. For the truss-panel assembly, this results in two sets of partial differential equations
resembling the extended Timoshenko beam equations. Both Euler-Bernoulli and Timoshenko formulations are
derived and a finite element analysis is presented for comparison. The results are shown to be in good agreement with
those of a finite element. The model demonstrates a significant change in the dynamic properties as a result of the
panel. In particular, the longitudinal and torsional motions become coupled with the bending coordinates.

Nomenclature

A, Ay Ay = cross-sectional area of the longerons,
diagonals, and battens

AW = cross-sectional area of member k

c = wave velocity

d; = mode contribution factor

E,.E; E, = modulus of elasticity of the longerons,
diagonals, and battens

E® = modulus of elasticity of member k

f = frequency, Hz

H = coefficient matrix of the partial differential
equation

1,1, 15 = moments of inertia of the panel

L;,,Ly L, = length of the longerons, diagonals, and battens

L, = total length of the truss

L® = length of member k

lf") = directional cosine of member k (i = 1 — 3)

M = bending moment

m, = mass of the panel distributed among the joints

Mpanel = mass of the panel on a truss element

N = longitudinal force

(0] = shear force

T = Kkinetic energy

t = time

U = potential energy

U,;,U;;,®, = mode vectors

Uy, Uy, Uy = displacement components at the cross section

in the x;, x,, and x5 directions
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displacement components evaluated at the
center of the cross section

U5 Uz05 Uz p

X1y Xo, X3 = Cartesian coordinates

o = mode-shape parameter

€10, €20, £30, = strain components evaluated at the center of
£12.00 €13.05 the cross section
€230

(k)
ij
K205 K305 Kt 0

strain components of member k
curvatures evaluated at the center of the cross
section

A = wave length

pL, pd, pb = density of the longerons, diagonals, and
battens

b1 Dy, 3 = rotational degrees of freedom of the cross
section

10} = natural frequency, rad/s

L

HE Innovative Space-Based Radar Antenna Technology

(ISAT) program is intended to enable nonstop global
surveillance of moving ground targets. These satellites (Fig. 1) are
designed to operate in a medium Earth orbit (MEO) to provide
improved coverage when compared with low-orbiting satellites.
Such technology will require fewer satellites for global coverage and
thus reduce the overall cost involved. However, a radar antenna
operating at MEO must be so large that it cannot be launched on
existing rockets. Space inflatable structures, which can be
compressed into far smaller packages, provide one possible
approach to placing large metrology systems in space. Inflatable
structures have many advantages compared with mechanically
deployed structures, such as lower weight, higher packaging
efficiency, and easier maintenance. Such structures have a long
history of use in aerospace applications, from the ECHO series of
satellites in the 1960s to L’ Garde’s space-shuttle-launched Inflatable
Antenna Experiment (IAE) in May 1996 [1]. Many proposed
inflatable designs for space applications consist of trusslike or lattice
structures because they are simple to construct and they have large
stiffness-to-density ratios. An approach for studying the dynamic
response of these structures has thus been a topic of importance. In
this regard, two approaches that have received attention are the finite
element method (FEM) and the continuum model. Although the
FEM is a popular approach and sometimes an indispensable tool for
analyzing complex systems, much of the mathematical structure is
made inaccessible in the process of discretization. Moreover, FEM
requires a significant amount of computing capacity to obtain reliable
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solutions when the number of truss members is large. Hence, the
FEM approach naturally leads to large-order models with limited
ability to include damping and may become too large for low-order
control law designs. In dynamic analysis, the finite element analysis
(FEA) may also produce more modes of vibration than are actually
needed [2]. Alternatively, it was shown that the dynamics of a
repeated lattice structure are approximated well by a continuum
model having the same form as the standard beam equations [3]. This
approach offers significantly more insight into the problems
associated with structural and control design. Moreover, the existing
methods for the design of control systems for distributed parameter
models can be applied effectively if an appropriate continuum model
of the structure can be found. For example, this approach opens the
possibility of constructing input—output transfer functions between
the sensing and actuation points [4], thus enabling the use of many
well-established frequency-based control methods.

It was first shown in [3] that the forces and deformations of a
small segment of the truss structure can be related to those of the
continuum model to find the anisotropic effective rigidities
(stretching, bending, and shearing) and the coupling between them.
In [6,7], the nodal displacements of a truss structure were expanded
in a Taylor series to derive the reduced mass and stiffness matrices
of the structure; subsequently, the natural frequencies were found. A
continuum model for beamlike lattice trusses with rectangular cross
sections was developed in [8], in which the theory of [6,7] was
modified to account for warping of the cross section. In a related
work, continuum models for repetitive beamlike trusses with
orthogonal tetrahedral configurations were found [9]. The authors of
this work consider an asymmetric configuration in which the axial
and shear effects are coupled. The fundamental static and free-
vibration equations were then derived by defining the constitutive
relations and applying the first law. In [10,11], the equivalent
stiffness and mass matrices of truss elements with different
configurations were found to compare the stiffness-to-density ratios.
In another work, the governing partial differential equations (PDEs)
for a two-dimensional lattice structure were derived using the force
displacement relations and Newton’s law [12]. The equivalent
stiffness of a truss element was found by applying unit loads in
different directions to find the corresponding static deformations. In
[13], the effective elastic and dynamic characteristics of a repeating
element were found to derive the reduced FEA mass and stiffness
matrices and thus the natural frequencies and mode shapes. Lee [14]
also developed a continuum model for a large periodic lattice beam
using a spectral element approach. His method involved the
derivation of the transfer matrices by assembling the spectral
element matrices for each structural member within a lattice cell.
The equivalent structural properties for two-dimensional lattice
trusses were presented in this work. The equivalent beam properties
of beamlike lattice trusses were determined in [15] from the concept
of energy equivalence, in which the continuum stresses and strains
are defined by their average values over the element. The method
was applied to two-dimensional lattice elements. In a previous work,
it was demonstrated that the governing equations of motion for a
three-dimensional truss structure with a double-bay single-laced
element configuration can be found by the use of Hamilton’s
principle [3].

In another work, the method of discrete homogenization was
employed for continuous modeling of a quasi-repetitive lattice
structure [16]. The method consists of assuming an asymptotic series
expansion for the node displacements and the tension in the truss-bar
members. The balance equations of nodal displacements and force
displacement relations were developed by Taylor’s expansion of
finite differences. The solution was then found by numerical methods
for a two-dimensional truss structure. A complete survey on the two
classes of discrete field approaches is provided by [17]. These
approaches are the micro method, by which one constructs and
solves difference equation models (or difference-differential
equations for mixed discrete-continuous systems), and the macro
method, by which one constructs and solves the summation equation
models (or summation-integral equations for mixed discrete-
continuous systems). In both approaches, a set of governing

difference equations can be obtained to find the continuum model
[18-20].

The work shown in the previous literature is concerned with lattice
structures with symmetric configurations. Of the cited work, only [9]
considers an asymmetric configuration with orthogonal tetrahedral-
lattice elements with more than four longerons. In the present work,
we also focus on an asymmetric structure; however, the asymmetry is
due to the addition of the radar panel mounted to the side of the truss
rather than the configuration of the members. Because of the large
mass of this panel (almost 12 times the mass of the original truss), its
contribution to the dynamics of the system cannot be ignored. As will
be demonstrated, the natural frequencies of the truss-panel structure
are significantly different from those of the original truss (no panel).
Moreover, the addition of the panel introduces coupling between the
torsional and the longitudinal modes and the bending coordinates.
This work demonstrates a method of determining an equivalent beam
model for a truss-panel assembly. Also, the governing partial
differential equations for both the truss and the truss-panel assembly
are derived. It is shown that for the case of the truss with no panel, the
bending equations resemble those of a conventional Timoshenko
beam. Thus, the partial differential equation provides a simple tool to
find equivalent properties of the continuum-beam model. The results
of this work are thought to provide useful insight into the physical
characteristics of these types of structures, as well as a simpler tool
for analysis compared with the FEA. Finally, an important advantage
of having a distributed parameter system is that many of the methods
for the control design of such systems can be applied effectively for
this structure. For example, we can use the transfer-function method
by Yang and Tan [4], by which various control problems can be
analyzed and solved in their transfer-function formulations.

II. Modeling

A schematic view of the structure studied here is shown in Fig. 1.
Motivated by the current ISAT technology, the truss structure has a
triangular cross section and is made of double-bay single-laced
elements with pin joints. The fundamental truss element
configuration and the bar members are shown in Fig. 2. The battens,
diagonals, and the longerons shown in the figure are constructed of
tubes; material and geometrical properties are provided in Table 1.
Because the structure has a repeated pattern, it is only necessary to
determine the kinetic and strain energy expressions of a single

Fig. 1 Three-dimensional schematic of the ISAT.

]
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Fig. 2 Schematic view of a repeating element and reference coordinate
system attached to midcross section.
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Table 1 Material and geometrical properties of the truss

Truss properties Values
Length of the radar antenna truss 300 m
Length of battens and longeron members 3m

Modulus of elasticity of the batten, longeron, 6.8948 x 10* Mpa
and diagonal

Mass density of the batten, longeron, and diagonal 1799.2 kg/m?3

Diameter of the diagonal and batten 25.4x 1073 m
Diameter of the longeron 76.2 x 1073 m
Thickness of the diagonal and batten 0.508 x 1073 m
Thickness of the longeron 1.016 x 10> m
Total mass of the radar panel 6000 kg
Mass of the truss 552 kg

element and then use Hamilton’s principle to derive the governing
partial differential equations for this structure. Two different
formulations are considered: the Euler—Bernoulli and the
Timoshenko equations. Some of the assumptions of Noor [7] are
used to derive the strain energy of a repeated element in terms of the
strain components evaluated at its center. This strain energy
expression is then expanded in terms of the spatial derivatives of the
displacement components. Furthermore, the kinetic energy of the
truss element is written in terms of the time derivatives of the
displacement components. Such displacement components are
evaluated at the center of the element and are the same as those in the
1-D continuum-beam model. Two methods are presented to account
for the kinetic energy of the panel. The first considers the panel as a
discrete set of point masses distributed along the joints, and the
second assumes a plate with a constant density. In the final section,
numerical results for the natural frequencies of both the Timoshenko
and Euler—Bernoulli continuum models are given and compared with
those of a standard FEA for the purpose of validation.

A. Potential Energy
Considering a single truss element made of pin joints, as shown in
Fig. 2, we can assume linear variations for displacement components
in the plane of the cross section. Such displacement components
(shown in Fig. 3) are [7]
uy (X, X, %3) =ty o(X1) — Xa63(x;) + X369, (x1)

Uy (X, Xp, X3) = U o(X1) + X2850() + x3{—¢1(x1)
+ %[2823.0(%)]} (1)

uz(xy, x5, x3) = uz(x;) + x2{¢1(x1) + %[2823,0()51)]}

+ x3830(x1)

Fig. 3 Displacement components of the repeating element.

where u, o, u,, and u; are the displacement components; ¢;, ¢,,
and ¢ are the rotations about the x|, x,, and x; axes; and &, , &3 9,
and &5  are the strain components (due to the expansion of the cross
section in the x, and x5 directions and the shear strain), all evaluated
at the center of the midcross section of the truss element. The
Cartesian coordinates x;, x,, and x3 are attached to the center of the
midcross section, and x, is along the length of the truss. By making
all the necessary assumptions with regard to a shear deformation type
of beam, the compatibility conditions, and free local deformations
[7], the strain components and their gradients can be found in terms
of the strains evaluated at the center of the midcross section (see
Appendix A).

Such strains are assumed to be the same as those of an equivalent
continuum-beam model. Writing the strain components in terms of
the spatial derivatives of the displacement components results in

_ iy )2 0¢3\? d, \?
U=t |:Cl( dx; ) - Cz(axl o 0x,
0 2 d 2 ad 2
t ﬂ—% +¢s ﬂ‘f'ﬁi’z + ¢ il @)
8xl axl 3x1
where

1
Cy) =C3 = *ALELL%,

¢, =3A.E,, 3

S 6A A E,E LAL L,

TS T AELLY + 4AE (L] + L})? ©)
AyA EE LAL,L,

Ce

TAAELL + AE(LL + LD

where the subscripts L, d, and b refer to the longerons, diagonals, and
the battens, as shown in Fig. 2. The strain energy shown in Eq. (2) is
valid for the case of a shearable model, which is the Timoshenko
beam. A simpler equivalent is the Euler—Bernoulli beam model, in
which the part of the strain energy that accounts for the shear
deflection and the rotary inertia are ignored. Hence, for the strain
energy of one repeating element,

bl 2 92 2 92 2
o=t () e ()
1 1 1
a 2
* Cﬁ( ¢1) ] (4)
3x1

B. Kinetic Energy

Because the radar panel mostly contains the electronic parts and is
not made of a homogenous material, its elastic nature is complicated.
Therefore, in our formulation, the strain energy stored in the panel is
ignored and the panel segments mounted on each element are
modeled as an additional mass. It should be noted that in the actual
design, there is no connection between panels mounted on adjacent
elements. To account for the kinetic energy of the panel, two different
methods are used. In the first, the panel segments attached to each of
the truss elements are modeled as a collection of point masses
distributed among the bottom joints, and in the second model they are
modeled as solid plates with constant density.

1. Point-Mass Model

We assume that the mass of the panel is distributed equally among
the joints of the bottom face, as shown in Fig. 4. The kinetic energy of
the truss-panel element can be found in terms of the time derivative of
the displacement components at the center of the midcross section
(for a complete derivation see Appendix B).

The expression for the kinetic energy of the truss-panel assembly
for this model is
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Fig. 4 Panel modeled as point masses.
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Note that the rotational components of the cross section ($, and ®5)
are also included and they account for the rotary inertia effects. A

simpler model can be derived by ignoring this effect, which will
result in an Euler—Bernoulli model; the kinetic energy is

T =[3(AyLppp + AgLlapa +ALLLpL)
duy )2 dup 02 duz 02
+m"][( ar ) ) T\
n (L,%(Abpr,, + AqLaps +2ALLLpr) im L_lz,)

2 ]
X % 2-}—m \/§L 8u208¢1
ot P
2. Plate Model

370 9 o
Figure 5 shows the top and side views of the part of the element
with the panel attached. Modeling each segment of the radar panel as
aplate, the kinetic energy of the truss-panel assembly element can be
found in terms of the displacement components of the midcross
section, which again are the same as those of a continuum-beam
model (see Appendix B for complete derivations).

duy\? 9w, \ 2
=3(A,Lypp + AyLypy + A LL,OL)|:( ;0) + ( aio)

(3“3.0)2] i Ly (AyLypy + AsLypg +2A Ly py)
ot 4

B+ ()=

() b))

danl(8) ] o
where m,,, 18 the mass of the radar panel on each truss element, as

shown in Fig. 5. The moments of inertia I, I,, and /5 are measured
around axes x;, X,, and x5 and can be simply written as

(6)
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|
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Fig. 5 Schematic view of the cross section of the ISAT structure (truss
and radar panel).
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An equivalent Euler—Bernoulli beam can be found by ignoring the
effects of the rotary inertia for this model. The kinetic energy for this
model is

ouyo\2 0y o \2
T =3(ApLppp +AgLypa + ALLLPL)[( 1‘0) + ( 2’0)

at at
n (3”3.0)2] I Ly (AyLypy, + AyLapg +2A L, pr)
at 4

09, 2 09, mepanel 8Mz,oaff’l
L) T () o ()
1 8¢1 mpanel 8Ml.() 2 auZ.O 2
st () ]+ 52| (52) + (57
8143_0 2
+( s ) ] ©

For the case of the original truss with no panel, the kinetic energy
expression of the Timoshenko model reduces to

oy o)\ ? oy o\ 2
—3(Abprb+AdL,,pd+ALLLpL)[( “’) +( 2"’)

ot ot
Ly(ApLypy + AgLgps +2A, Ly py)

aulo 2
() ]+ :
91\? AN dp3\?
<5+ (5) + (7)) (4o

Similarly, for the original truss and the Euler—Bernoulli model, we
get

ouyo)\2 0ty o\ 2
T =3(4, L,,ph+Adepd+ALLLpL)[( “’) +( “)

ot ot
I duso\? n Li(A,Lypy + AgLapa +2A,Lp)\ (041)
ot 2 ot
an

C. Equations of Motion

Having the kinetic and strain energy expressions for an element,
we will now employ Hamilton’s principle to derive the governing
partial differential equations of motion (see Appendix C for a
complete derivation). These equations are presented here for the
truss-panel assembly and original truss, using both Timoshenko and
Euler-Bernoulli formulations.
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1. Point-Mass Model

The equations of motion along the six coordinates of vibrations u, g, 4, o, U3 o, ¢1, ¢, and ¢; (longitudinal, two bending coordinates, torsional,
and rotations of the cross section) are presented in this section. Note that the displacement components depend on x; only and are the same as
those of the one-dimensional equivalent continuum-beam model. It will be shown that these equations decouple into two sets of coordinates. For
the case of a Timoshenko-type beam, the equations of motion along the u, ¢, #3, and ¢, coordinates for this model can be found as follows:

—Zﬁmep 2+ 12¢sL (()uw + ¢2) [3Lﬁ(AbLbe +AyLypa +2A L pL) + Lim, ] —12¢3L, 5 z dh =0

023 92 u; 0
[B(AsLypy +AgLapy + ALLppr) + my] =% — csLy 5% — ¢sLp 3 dd)z =0 (12)

=0

—[m, + 3(ApLypy + AqLapa + ALLLpL)] 3122' L+ ClLL a»

and for the three other coordinates u, ,, @, and @;, we get

[6m, + 18(A,L,pp + AyLapy + ALLLpL)]ai;# +V3Lym, o S04+ 6L, cy (gf* - 32;;-0) =0

1

VaLym, B0 ¢ [3L2(Abprh A Lpg+2A,LopL) + 2Lgm,,] P — 6eol, 58 =0 (13)

o .
[L3(AyLypy + AyLgpy +2A, L p) + Lim,)] aa;p, 4LLC2 + deyLy, (¢3 - Ba;;o) =0

2. Plate Model

In a similar manner, the Timoshenko equivalent model can be found for the case in which the radar panel is modeled as a plate. The equations of
motion along three coordinates of vibrations u, q, us, and ¢, for this case are

—[6mpaner + 36(Ay Ly 0p + AgLapa + ALLrpr)] ddl;zlo +12L,C, - 5+ NE) - d;% =0

V3L, My % + 12L,Cs (du“’ + ¢z) + 3|:L12;(A Lypy + AgLapa +2A, L1 py) + mpanel:| G —12L,.C5 dad%z =0 (14)

[6(Ay Ly + AgLapg + ALLLpL) + Mygner] 5t 2CSLL(a o 4 ""’7) =0

and for the other three coordinates u,,, ®;, and ®;, we have

ZM u
6[6(AyLypp + AqLapa +ALLLpL) + mpamel]u - ]2C4LL5 3+ \/—mepanel G+ 12C, L 3; ddn =0

a1

u 2
2V/3Ly Mgl St (12[11 + Ly(ApLypp + AgLapy + 2ALLLIOL)] +L mpanel) Fe—24G6L,, dfz' =0 15)

(12 + Ly Abprb+A(I§JP(I+2ALLLPL)) 82;21 +2L C2 & ¢3 + 2C,L; (5“20 ¢2) =0

As previously mentioned, each of the three coordinates of vibration u, o, ®,, and ®; and u, 3, ®,, and u;  are coupled in the form of a PDE.
These equations resemble those of an extended Timoshenko beam; which is a more general beam theory in which the longitudinal displacement is
coupled to bending [12]. As aresult of the panel, there is a coupling between the torsional or longitudinal vibrations and the bending coordinates.
For the case of a truss with no panel, these torsional and longitudinal vibrations will be decoupled from the bending coordinates and the bending
equations will have a form similar to a conventional Timoshenko beam (Salehian et. al. [3]). Moreover, by including the panel, the similarity
between the equations for two bending coordinates along the x, and x; axes is lost, whereas these equations are identical for the original truss (for
the configuration of the diagonal members shown in Fig. 2).

The equations of motion for the original truss (no panel) can be found in a manner similar to the previous derivation. The ®, and u5
coordinates are

zll u
3(AyLypy + AgLypy + ArLppy) 550 — 5L, (a 30+ 31’2) =0

(16)
3LI(ApLypy + AdLaps + 241 L1 p) 58 — 1251, 5% + 12¢5L, (5220 + ¢
»\ApLpPp alaPa Lbrpr) a2 C3bL 50 Cskp 2
and the equations for the u,, and ®; coordinates are
2y 92u P
3(ApLypp + AqLlypg +ALLLpr) 32;;‘(' =l (aaé") - ‘5%) =0
an

=3L3(AyLypy + AyLypa +2AL L1 pr) 8;:23 + 12C2LL + 12¢4L; (MO ¢3) =0

It should be noted that for the pattern of the diagonal members shown in Fig. 2, the coefficients ¢, and c; are identical, as are ¢, and c5. As a
result, it is obvious from Egs. (16) and (17) that for this structure, the equations are identical for two bending coordinates u, and u5. Also note that
there is a sign difference for the rotation of the cross-sectional terms ¢, and ¢; in these equations. This is simply the result of the sign convention in
Fig. 3 and will not impose any difference in the final solution. Solving for d¢, /dx and d¢; / 9x from the first set of equations in Egs. (16) and (17),
taking an additional derivative with respect to the spatial variable x, from the second equation in Egs. (16) and (17), and making the substitution
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for d¢, /dx and d¢p;/dx, we find the decoupled bending equations of
motion as follows:

3 U
912 9x?
841430

0rox?

4 2
31420 31420 8'420

"oh T TV e =0

+£
18)

where

_ (AyLypy +AqLgpg +2A Lo ) (ApLypp +AsLypg+ALLLpL)

(ALE, +AE, +ALE,)
AAAEE2LAL LY

[AdEdeL +4ALEL(L2 +L? ) (ALE, +ALE, + A E,)
_ 24A E4LyLIALE (AyLypy +AyLapg+ALLpy)

[AJE L L} +4ALE (Ly + L1)*N(ALEL + AL E, + A4E,)
f=— 2AALEEL LR L LT (ApLypy +AgLapy+2ALLLp1)

[AJE,LyL} +4ALE (LY + L)’ [(ALE, + AyE, + A4E,)
_2(ApLypy+AsLaps+ALLLp)ALELLL
(ALE, +AE, +ALE,)

o=

19)

Equation (18) is similar to the Timoshenko beam and identical for
both bending equations u, ; and u3 4. This similarity is a result of the
diagonal pattern (Fig. 2) in which the intersection points of the
diagonal members on each side of the truss lie on different longerons.
If these intersection points were to coincide on the same longeron
member, the similarity between the two bending equations in
Eq. (18) would be lost. The torsional and longitudinal equations of
motion for the original truss are similar to those of a bar:

Ly (ApLypyp, + AgLapa + 2A L pr) 32¢1 B ¢y —0
2 a7 g T
%u, o %u
3(ApLppp + AgLlypg +ALLLpr) p - — Ly ox 120 =0
(20)

Again, a simpler form of all of the preceding equations can be
derived by ignoring the effects of rotary inertia (i.e., by excluding the
rotations of the cross sections @, and @5 in the kinetic energy terms).
For the shear strain components, we could assume that

€120 = €130 = 30 =10 2n

Using these assumptions, the Euler—Bernoulli equations of motion
for this structure and the point-mass model are

BAyLopy + AdLaps + ALipy) +2m,] 82;;"“
“3AE,L, 38”5" =0
23(ALopy + AdLaps +ALLpy) +2m) 82‘2“’
VAE L, 3‘;23,0 =0
1

24, (22)
—2L,(3A,L,pp, + 3A.Lap4 + 6A Ly pf, + 4m,,) ¥

3AALELE LIL2L, 8¢, N 0%y

_ =0
AELIL, + ALE.LY 0x2 "o
V3 ¢ 92u
4m (—L,, 3t21 +3 81‘;,0) + 3[6(Abprb + AsLapa
> Uzo *uy g
+ALLLPL)?+ALELL%LL ax? =0

For the plate model, the corresponding equations are

u
[6(A,Ly0p +AgLypy +ALLppy) + mpanel]Tzl’o
0%u
—6A,E, L, X ——=2=0
2u
[6(A,Lyp0p + AgLapa + ALLLpr) + mpdnel] 3 .
2 I u U3
+ALELRL, 5 50 =0
X
23)
Py, Pu (
mPanel(be 1 a;’o) + 6[6(AbLbe + AuLypq
0%u *u
+ALL o) 8—;0 +ALEL}L, o vy ] =0

m ane! 82
L, (Ath/Ob +AgLapg +2A L, + 2 1) o0

6 ) or
_ AALEELILIL, ¢, \/gmpauel 91y _
2AE L Ly + ALE LY 03 6 ar

As shown in these equations, the rotations of the cross section do
not appear in the Euler-Bernoulli formulation. The rotational
components are dependent variables and they are simply the slopes
of the beam in different bending directions. Also, bending in the x;
direction (i.e., perpendicular to the panel surface) is decoupled from
other coordinates of vibration in both kinetic energy models. This
bending coordinate and the longitudinal vibrations remain identical
for the two kinetic energy models. This is expected, because the
rotary inertia terms are the only terms that are accounted for
differently in these two kinetic energy models, and they are
expressed in terms of the coordinates &, and ®;. Because these
coordinates are ignored in the Euler—Bernoulli formulation
(dependent variable), the equations for the two kinetic energy
models remain the same.

D. PDE Solution

Following the approach used in [12] and assuming a harmonic
solution for the coupled coordinates of vibrations (for example, u, o,
u3q, and @,), we have

ug="Ue"e ot Uro U,
MgO = U;e‘” it = M340 = U3 e‘”e”‘” (24)
¢2 — Qect‘( iwt ¢2 Q

where U, U, and 2 are the amplitudes of vibration. By substituting
Eq. (24) into Eq. (12), we get the following eigenvalue problem:

—asw? aso a; + a,0° — a,w? U,
0 —aa* — a,w? —asa Us
aga® — a,w* 0 —asw? Q
H
=0 (25)

ay =2L3[3(A,Lypp + AgLypg + 2A. Ly pp) + m))]
a, =24[3(A,L,pp, +AyLypg +ALLppy) 4 m,)

144A,A EE L2L L}
a; = L L L AL —124,E, L2L,
AJE L LY + 4A E (L2 + L2)
as =—4+3m,L, ag=—T2A,E, L,

(26)
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For a nontrivial solution, the determinant of matrix A should
vanish, that is,

det(H) =0 = K,a® + Kya* + K;0> + K, =0 27
where

K, = azaya Ky = (—aya3a, — a,azaq + aya,a6)0*

K3 = ayazaq0® + (a,aya3 — ada, — aza? — aja,a4)0*  (28)

Ky = —d3a;0* + (a,a} — a,a?)o®

The preceding equation is a cubic polynomial in &2, and the roots
of this polynomial can be found in terms of the natural frequencies .
We then get six roots of ¢; for each natural frequency w. The solution
of the mode vectors can be expressed in the form

asa; as + a,0? — aw

2
4 )
= aza,0; + a,a;w
_QSQ%_azwz —as; | 3T 273

Ul.i=|

— a1a;020° + a,a,0}0* — a;a,0*
| —as@®  asz + a,07 — a,w* |

U, =—
3 0 —asQ;

= —a;as0,;0*

2
—asw azo; 2.2 4
> | = aaseiet + ayasw

Sl.:
i = 0 —a307 — A,

(29)

The subscript i(1 — 6) denotes each of the six roots of «; for each
frequency w. The free-vibration solution can be expanded in terms of
the mode vectors and natural frequencies by

uyo(x, 1) 6 U ; A
uzo(x,1) ¢ = Z d;q Us; peise™ (30)
#y(x, 1) =1 Q;

in which the six constants d; are found from the boundary conditions.
The boundary conditions for this structure are free—free and can be
expressed as

N(0, 1) N(L,,1) 0
0,0,n [=]| 0,1 | = 0 (1)
M,,(0,1) M,, (L, 1) 0

where Q. and M,, are the shear force in the x; direction and the
bending moment around the x, axis. Using the relation for the strain
energy, Eq. (2), the stiffness matrix for an element can be found and
the force displacement relation for an element can be written as

duyg
N cgc 0 0 0 0 O =
0., 0 ¢, 0 0 0 0l Pt
On| 10 0 ¢ 0 0 off ¢otiee 32
M, |=l0 0 0 ¢ 0 0 iy 32)
M, 0 0 0 0 ¢5 O a6,
M, 0 0 0 0 0 c A
L K gL o -

From Egs. (30-32), we get six linear algebraic equations that can
be written in the matrix form:

[f(@Nd;} =0 (33)
For a nontrivial solution, it is required that
[f (@) =0 (34)

A solution to Eq. (34) results in the natural frequencies of the
structure.

III. Frequencies and Wavelengths

It is interesting to plot the frequencies with respect to the
wavelengths of the coordinates of vibration of interest. Because the
torsional, bending, and longitudinal waves travel at different speeds,
the wavelengths for these coordinates will be different for the same
frequency. The equivalent beam model for this structure provides a
simple tool to find the wave speeds of different coordinates [3]. For
example, the bending-wave speed, a dispersive wave, is given by

2
c= \/ ALELLyL V2rf (35)

6(A,Lypp + AgLlypy + ALLppr)

For the longitudinal-wave speed, we get

ALE L
c= (36)
(ApLypy +AqLaps +ALLLpr)
and the relation for the torsional-wave speed can be written as
AyALEE LAL,L?
Cc =

2(A,Lypy + AgLapg + 2A Ly pr)(AGESL LY + ALELLY)
(37

Finally, using the preceding and the relation for the wavelengths,
which is given by A = ¢/f, the wavelengths of the frequencies of
different coordinates of vibrations can be found.

IV. Numerical Results

In the presented approach, an equivalent beamlike continuum
model is found for this structure and, subsequently, the governing
partial differential equations of motion are found. A finite element
model was developed in MATLAB to validate the accuracy of the
natural frequencies of the continuum model.

A comparison of the natural frequencies for the Timoshenko,
Euler—Bernoulli, and the FEA is presented in Tables 2-3, for free—
free boundary conditions. The first natural frequency is a repeated
frequency of zero value (rigid-body motion), associated with the
three coordinates of vibration in each set of the coupled PDE. The
results show that the natural frequencies of the Timoshenko model
have better accuracy relative to the Euler—Bernoulli model. The
average error of the Timoshenko model for the Us, U, o, and @,
coordinates is 0.64% for the point-mass model and 0.51% for the
solid-panel model. These values are 1.64 and 1.51% for the U, , ®,
and ®; coordinates, respectively. The highest error of Euler—
Bernoulli for both kinetic energy models is 46% for the U; g, U,
and @, coordinates and 15% for the U, ,, ®,, and ®; coordinates,
whereas this value is 2.8 % for the Timoshenko model for both sets of
coordinates.

Table 2 Natural frequencies of the point-mass model for bending,
longitudinal, and rotation of the cross section (U; 4, U, o, and ®,) inrad/s

FEA Timoshenko Error % Euler—Ber. Error %
0 0 0 0 0
0.4633 0.4604 0.6259 0.4621 0.2590
1.2646 1.2567 0.6247 1.2737 0.7196
2.4425 2.4272 0.6264 2.4970 2.2313
3.9587 3.9343 0.6164 4.1277 4.2691
5.7737 5.7380 0.6183 6.1661 6.7963
7.8445 7.7974 0.6004 8.6122 9.7865

10.1287 10.0687 0.5924 11.4659 13.2021

12.5860 12.5165 0.5522 14.7274 17.0141

15.1802 15.0895 0.5975 18.3965 21.1875

16.3500 15.8940 2.7890 15.8933 2.7933

17.8796 17.7986 0.4530 22.4733 25.6924

20.6570 20.5828 0.3592 26.9577 30.5015

23.4899 23.4209 0.2937 31.8498 35.5893

26.3596 26.3152 0.1684 37.1497 40.9342

29.2511 29.2238 0.0933 42.8572 46.5148




SALEHIAN, SEIGLER, AND INMAN

Table 3 Natural frequencies of the solid-panel model for bending,
longitudinal, and rotation of the cross section (U; 4, U, o, and ®,) in rad/s

FEA Timoshenko Error % Euler—Ber. Error %
0 0 0 0 0
0.4634 0.4600 0.7337 0.4621 0.2590
1.2644 1.2547 0.7672 1.2737 0.7196
2.4406 2.4210 0.8031 2.4970 2.2313
3.9524 3.9200 0.8198 4.1277 4.2691
5.7587 5.7110 0.8283 6.1661 6.7963
7.8149 7.7530 0.7921 8.6122 9.7865

10.0768 10.0026 0.7363 11.4659 13.2021

12.5026 12.4254 0.6175 14.7274 17.0141

15.0541 14.9729 0.5394 18.3965 21.1875

16.3540 15.8919 2.8256 15.8933 2.7933

17.6976 17.6515 0.2605 22.4733 25.6924

20.4036 20.4072 —0.0176 26.9577 30.5015

23.1472 23.2172 —0.3024 31.8498 35.5893

25.9071 26.0849 —0.6863 37.1497 40.9342

28.6657 28.9695 —1.0598 42.8572 46.5148

Table 4 Natural frequencies of the point-mass model for bending,
torsional, and rotation of the cross section (U, o, ®;, and ®,) in rad/s

FEA Timoshenko Error % Euler-Ber. Error %
0 0 0 0 0
0.4628 0.4595 0.7131 0.4614 0.3025
1.2572 1.2480 0.7318 1.2657 0.6761
2.1883 2.1267 2.8150 2.1269 2.8058
24111 2.3926 0.7673 2.4623 2.1235
3.8714 3.8396 0.8214 4.0239 3.9391
4.3839 42617 2.7875 4.2638 2.7396
5.5834 5.5334 0.8955 5.9151 5.9408
6.5920 6.4124 2.7245 6.4245 2.5410
7.4924 7.4172 1.0037 8.0795 7.8359
8.8151 8.5858 2.6012 8.6303 2.0964
9.5497 9.4388 1.1613 10.4355 9.2757

11.0531 10.7878 2.4002 10.9103 1.2919

11.7173 11.5557 1.3792 12.8912 10.0185

13.2972 13.0155 2.1185 13.2978 0.0045

13.9759 13.7456 1.6478 15.3719 9.9886

Table 5 Natural frequencies of the solid-panel model for bending,
torsion, and rotation of the cross section (U, 4, ®,, and ®;) in rad/s

FEA Timoshenko Error % Euler-Ber. Error %
0 0 0 0 0
0.4630 0.4593 0.7991 0.4614 0.3456
1.2583 1.2475 0.8583 1.2662 0.6278
2.4144 2.3920 0.9278 2.4650 2.0958
3.4073 3.3119 2.7999 3.3128 2.7735
3.8827 3.8440 0.9967 4.0374 3.9843
5.5954 5.5365 1.0527 5.9380 6.1229
6.8379 6.6498 2.7508 6.6615 2.5797
7.5165 7.4361 1.0696 8.1637 8.6104
9.5880 9.4865 1.0586 10.0349 4.6610

10.2790 10.0035 2.6802 10.6558 3.6657

11.7728 11.6534 1.0142 13.3713 13.5779

13.6530 13.3401 2.2918 13.4713 1.3308

14.1314 13.9593 1.2179 16.2639 15.0905

16.2021 16.0510 0.9326 16.9874 4.8469

17.3992 16.9964 2.3150 19.2925 10.8815

In the Euler-Bernoulli model, the equations of motion for bending
in the x3 direction and for the longitudinal vibrations remain the same
for both kinetic energy models. This is because the difference
between the kinetic energy expressions in these two models is related
to the rotary inertia terms ®,, @5, and because they do not appear in
the Euler—Bernoulli model, the equations are identical.

It is also interesting to examine the frequencies of the continuum
model and the FEA versus wavelengths. These results are shown in
Figs. 6-11. As shown, the wavelengths for the longitudinal modes
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are higher for the same values of frequencies when compared with
the bending modes. This is because the longitudinal waves travel at
higher speeds and thus have higher wavelengths. A similar
observation can be made for the torsional modes when compared
with the bending coordinates (Figs. 10 and 11).

In Fig. 12, the natural frequencies of the Timoshenko point-mass
model are compared for the U, U o, and @, and U, , ®,, and P,
coordinates. It is observed that the fundamental natural frequencies
are very close for these two sets of coordinates, whereas the
difference grows for higher modes. The symmetry of the structure is
lost due to the added panel, which causes the deviation between the
frequencies of the bending coordinates in different directions; this
effect is more prominent at higher modes.

Frequency estimations from the two kinetic energy models are
compared in Figs. 13 and 14. It is observed that this difference
between the two kinetic energy models is smaller for the Us; o, U, ,
and @, coordinates and has an exponential pattern. This is because in
the point-mass model, the mass of the panel is concentrated at the
edge of the truss; therefore, the main modes that are accounted for
differently in this model are the torsional modes, which results in a
bigger difference of the frequencies, mainly for the U, o, ®;, and &,
coordinates. For the first few modes, the accuracy of the point-mass
model is sufficient for both sets of coupled coordinates. The model
shows less accuracy for the higher modes.

V. Conclusions

A continuum-modeling approach is presented for a structure that
consists of repeated lattice elements supporting a radar panel. The
governing partial differential equations of motion are derived for
both the truss-panel assembly and the original truss with no panel.
Two kinetic energy models are suggested to account for the radar
mass in the continuum models. In the first, the mass of the panel is
distributed among the bottom joints, and in the other, each segment
of the panel is modeled as a solid plate with a constant density. In both
models, the strain energy of the panel is ignored. Finally, two
continuum-beam models are derived for the structure under study:
Timoshenko and Euler—Bernoulli. The equations for the
Timoshenko model of the truss-panel assembly along the six
coordinates of vibration decouple into two sets of PDEs, each
containing three coordinates of vibration. One of the bending
coordinates is coupled with the longitudinal vibration and the
rotation of cross section, which forms an equation similar to an
extended Timoshenko beam theory. Similarly, the torsional
coordinate is coupled with the other bending and rotational
coordinates of the cross section. This is in contrast to the original
truss, in which the two bending coordinates decouple from the
longitudinal and the torsional vibrations. A simpler continuum
model for the structure is derived using the assumptions of an Euler—
Bernoulli beam; that is, by ignoring the shear strain in the potential
energy and the rotary inertia effects in the kinetic energy expressions.
In this model, one of the bending coordinates (perpendicular to the
panel) is decoupled from other coordinates and has a form similar to
the bending of an Euler—Bernoulli beam; it is shown that this bending
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equation is similar for both kinetic energy models. It is also shown
that for the first few modes, the point-mass model accuracy is enough
for the estimation of natural frequencies. The results for these models
are compared with a standard FEA of the structure for the purpose of
validation. It is shown that the Timoshenko continuum model
compares well with the FEA method. The proposed PDE model can
be used to apply existing methods for control design of distributed
parameter systems. The equations of motion for the case of the truss
with no panel are also derived and presented in this work. It is shown
that the bending equations of this structure are similar to those of a
conventional Timoshenko beam. The torsional and longitudinal
equations of motion for the truss (no panel) decouple from other
coordinates and they have a form similar to the equations of a bar
element.

Appendix A: Strain Energy

In this section, some of the previously made assumptions by Noor
[7] are used to find the strain energy expressions for a repeating
element of the structure shown in Fig. Al. Using the displacement
relations in Eq. (1) and its derivatives, the strain components for each
of the bar members can be found in terms of the strain components
evaluated at the center of the element. Using a Taylor series
expansion, these expressions can be expanded around the center of
the midcross section of the element and along the x; coordinate.
Finally, the strain energy of the repeating element, which consists of
the 18 bar members, are found in terms of the total of 21 strain and
curvature components and their derivatives.

To find the equivalent continuum model, the assumptions of the
local free deformation should hold [7]. This means that forces
associated with the local deformations should vanish, and therefore
the derivatives of the strain energy with respect to the following
strain gradients should be zero, so that we have
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Similarly, to get a shear deformation type of beam, the extensional
stresses along the x, and x; directions and the shear stress in 23
directions should vanish, because these do not exist in a beam model.
Therefore, the following should hold
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On the other hand, the compatibility condition requires that the
strain components at the plane of the cross section of the adjacent
elements be the same, or [7]

g5 des 0623
— =0, == =0, =~ =0 A3
axl 3x1 axl ( )

Equations (A1-A3) provide us with a total of 15 equations to solve
for the 15 strain components and their gradients of the original 21
unknowns stated before. This results in six independent strain and
curvature components. The solution for the other strains can be found
as follows:
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2210 .
dxy ﬁ(AdEdeLg +ALE, (L,Z, n L%) )
IMso 8V3ALE L L g1,
- 2
X, A E,L,LY +4ALE, (L,Z, n Li)
920 —_ 8\/§AdEdeLL£13,O Pea0 -0
W0 ALY+ 44 E (L + 1) Oxf
8%ex0 . P ez _
o ox?
(A4)

Using the solutions found in Eq. (A4), the strain energy of a
repeating element can be found in terms of the strain and curvature
components &, o, K9, K30, K, 0> £12,0» and &13y as follows:

1
U=3A,E L (¢,) + EALELL%LL[(KZ,O)z + (k30)%]

24A,ALE E L2L,L}
AgE L L} + 4A EL<L2 12

)2 [(£12.0)* + (€130)*]

AJA E,E LYL,L?
4 dArEqbp Ly Lgly —(k,0) (A5)
4[AdEdeLz Y ALE, (Li + L%) ]
The following can be easily found:
du 1 (0u
51.0:W11’0~ 512.025(8;1’0—({153)
1 (u, 0 a
€130 = 5 $t ¢, ). K2.0=ﬁ» '<3.0=ﬁ (A6)
2 axl X ox,
)
"0 o,

Equations (A5) and (A6) result in

a0 0 0, \ 2
U:3ALELLL(;):’O) 4= A ELLzLL[(a¢3) + (8%2)}
1 X1 1

. 24AdALEdELL§LdL§ ([_ (auz_0 ~ ¢3)]2
AgELoL] + 44, B, (L3 + 13)7 \L2\ 0

314; 0 2
“[3(Geee)]
AALEE LYL,LT (3¢1)2
AAELLL +ALE (L3 + 13)] \0%

(AT)

Appendix B: Kinetic Energy

It can be shown that the kinetic energy of a bar element can be
written in the following form:

T=1oAl(VE, + V3, + Vi + V3 + V3, + V3 + VWi,

+ Vi Vay + VicVa) (B1)

Var
Fig. B1 Schematic of a bar member and its nodal velocity components.
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where subscripts x, y, and z show different velocity components, and
subscripts 1 and 2 refer to each of the two ends of the bar, as shown in
Fig. B1.

Using Eq. (1), the kinetic energy of the bar member k of the
repeating truss element shown in Fig. Al can be found as follows:

1 du ) il
TkzgpkAkLk[( 8;0 X2,1.k ;t + X314 ;[2)

ou 0 ou 0 0
+( 3?0 X3,1k (;/511) +( alto Xo,1k gﬁt + X301 ;;2)

du ¢ ad ou ¢
X(—alt'o—x., =t Xak ;bz)‘l'( 0¥ X atl)

2.2,k ot ot
(5

0 du d 2
_x22k 8 St x X302k ;5:) +( ajo—x&z,k%)
8u30 g1\ + 3u2'0—x %
Y2247, ar M
du 0 du 0
X( 20 _ X324k £1)+(azo+ X1k 5}"1)
du o
X( 8;0+ 22k atl)] (B2)

The kinetic energy of the truss element is the summation of those
of the 18 bar members and can be found as

+

18

Tow = Y _ Tx =3(A,Lypy + AgLapy + ALLipy)
k=1

[ (w1 0\? duy 9\ ? duzp\?
X _( ot ) + ot + ot
4 Ly (AyLypy, + AyLypg +2A L1 pr)
4

INCEAN 0¢,\? 095\ ?
*_2(W) +(W) +(W)] ®3)

Making the assumptions of the point-mass model, the kinetic
energy of the panel can be found in terms of the displacement
components as follows:

T :ﬂ[(aul‘o_kl'bad’} Lb\/§8¢2)2
2

» - =

ot 2 0t 6 ot

duz g L,\/30¢,\? 3“3,0_&% :
+ ot + 6 8t) + ot 2 ot
oMo (Mo Loy LiV30:)?

2 ot 2 ot 6 ot

Buzg | Ly/3091)? | (usg Ly g2
+(at+6 ot + 8t+28t ®4)

where m,, is the additional mass at each joint. The preceding
expression can be further simplified in the form of

_ 3’43,0 2 a’41,0 2 duy 2 \/§ a’42,034’1
T”_m”[( Bt) +( az) +( 8t) TRy, W]
V3 8Ml()a¢2 06, 9%, \?
+mp(_4T FTRFTANT) [4( a:) +(W)
g3
()

For the plate model, the kinetic energy of the panel can be written
as

. g LyN/30¢, 2+ 8u2<0+Lb«/§% 2
p el \ gy 6 ot dr 6 ot
Ous g 1 ap\? 1 3¢2 1 5\ ?
+( ar)}’L I‘(E)t b)) TRk
(B6)

where m,,, is the mass of the segment of the panel attached to a truss
element. The preceding equation can be simplified to

_ Mpapel duyo)? duz0\? duz 0 \? 1 a1 \?
T"_z[(at)+(at)+ dr 2o

- I (8¢2) -y (3¢3)2 +mepanel (auz,o%
ot

1
27\ or 23 ot or
a”l 0 3¢2 1 99, \? 99, \?
- —L2 . —_— —= B7
or o) TaatMeal \ S ) T\ % ®B7)
where the rotary inertias are
I = pdnelLb I, = mpanelLi I = SmpanelLi (B8)
T2 2 3 } 12

Finally, the kinetic energy of the truss panel for both models can be
found as

18
T=Y T, +T, (B9)

Appendix C: Equations of Motion

Knowing the kinetic and strain energy expressions for the truss
element, Hamilton’s principle can then be used to find the equations
of motion for the six coordinates of vibrations ¢, ¢,, @3, u; o, U; o,
and w,. These derivations are presented here for the point-mass
model. Using Egs. (A7), (B3), and (B5) and the variational principle,
we get

2 Ll()'
/' / (8T = 8U) dx, dr
1 0

_ /tz /L‘°’ |:_ oL (L%(Abprb +AqLapa +2A L) 3¢y
w Jo t 4L, o
P’y

— s W) Sy — 12([3(ALLLIOL +AyLypp + AyLypy) + my)
1

31,43 0

32u10 32
X ——= PP oL ——— " 2 Sulo 12¢sL; ¢y + 12¢5L; —— o,

+3L2(Ap Ly + ALupa +2A,L.p,) "’2]5¢2

02 0 0*u
—(Lf,mp Bf} 12¢5L, 8‘22 2v3L,m, ‘0)5¢2

- 3[4C4LL¢3 + [L3 s Loy + AgLapa +2A1 Lipy)
82¢3 82¢3 8 2.0
+ Lym ] Y2 4LL( e +ocy o, )]5¢3

’¢
my =38 - 12[[3(ALLLpL + Ay Ly + AgLaps)

*u 0%u ad
+m1’]_8t;0_c L ( 3 ;04'3;%)]5’43,0
93

- 12<C4LL o

—4L2m

+BALLLpL +ApLypy +AsLypg)

321420 0%u

82
+m,,] 8[2 4LL 8 2 )81420 2\/_me (8“20 821

P ¢y

W+5¢l

—8uyg

u
a;ﬂ)] dx, dt (C1)

Because the variations for all of the coordinates of vibrations are
arbitrary, we can assume that these variations are zero at the
boundaries and, subsequently, the following relations are valid:
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LIOI
15
/ f ( 9256, —
j‘t /Lm[( 8u2 0) (5¢3 31/!2 0) dxds
L » d 9
/ f ( S — mOS hyo— uzo&m ¢36u20)dxdt
/t /L(ol 8¢1 31420 a¢] SBMZO dxdt
o Jo ot ot
Lt 2
=/[/ (—aa’?o&f’l - ¢]5'420)¢th
0 Jo

We can also write

8(%)%:—%82—]( S(Bf) o —Sfaz—f (€2)

)(sdn +68’;‘ ") dxdr

6”30 +au305¢2 ¢28u3 O)dxdt

dx ) ox ox?’ at ) ot ar%

where f is each of the coordinates of vibrations @, ®,, ®3, u; o, u,
and us3 . Making the substitution for Eq. (C2) into Equation (C1)
results in a linear combination of the six equations of motion and,
subsequently, Eqgs. (12) and (13) can be found. The partial
differential equations of motion for the plate model can be found in a
similar manner.
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